We demonstrate that certain vortices in spinor Bose-Einstein condensates are non-Abelian anyons and may be useful for topological quantum computation. We perform numerical experiments of controllable braiding and fusion of such vortices, implementing the actions required for manipulating topological qubits. Our results suggest that a new platform for topological quantum information processing could potentially be developed by harnessing non-Abelian vortex anyons in spinor BoseEinstein condensates.
All elementary particles are classified by their quantum statistics as either bosons or fermions. However, in certain two-dimensional materials, particlelike excitations-anyons-which are neither bosons or fermions, have been predicted to emerge [1] . When two anyons are exchanged, braiding their space-time world-lines, the system's wave function may accumulate an arbitrary phase not restricted to the specific values corresponding to bosons or fermions. For non-Abelian anyons the exchange phase may be expressed as a noncommutative matrix, specifically a unitary operator, and how such anyons fuse (combine) when brought together depends on the history of their paths prior to the fusion. Encoding information in the non-local fusion properties of non-Abelian anyons forms a tantalising prospect for realisation of a fault-tolerant universal quantum computer [2, 3] .
Recent advances in quantum computing have come from intense research focus on qubits realised in a variety of systems including trapped ions [4] [5] [6] , spins in silicon atoms [7] and superconducting circuits [8] . Such systems must contend with the accumulation of spontaneous errors due to the inherent interactions of the qubits with their environment. In contrast, topological quantum computers based on topological qubits made of non-Abelian anyons are anticipated to be far more resilient due to being topologically protected from many conventional types of decoherence. Two promising nonAbelian anyon platforms are the Fibonacci and Ising anyon models [9] [10] [11] [12] [13] . A number of experiments have explored the potential realisation of such anyons in condensed matter systems including Majorana zero modes in nanowires [14] [15] [16] [17] and quasiparticles in certain fractional quantum Hall states [18] [19] [20] . Other non-Abelian anyon models have been proposed to be realisable using 'fluxons' [21, 22] . Notwithstanding, the existence of a physical system of non-Abelian anyons capable of universal quantum computation remains an open question.
Here we computationally demonstrate that certain fractional vortices-particle-like topological excitations in two-dimensional (2D) spinor Bose-Einstein condensates (BECs)-are non-Abelian anyons and may be capable of topological quantum information processing. We simulate the braiding and fusion of such non-Abelian vortex anyons, by employing external pinning potentials, that could be realised using focused laser beams [23, 24] , to controllably manipulate the states of topological qubits constructed from such non-Abelian vortex anyons.
Non-Abelian vortex anyons-A non-Abelian anyon model has three essential aspects; (1) a list of particle types; (2) a set of fusion rules that determine the types of particles formed after fusing together two such particles; and (3) braiding rules that describe the effect of exchanging the positions of two particles. We demonstrate that the topological interactions of the non-Abelian fractional charge vortices in spinor Bose-Einstein condensates [25] [26] [27] [28] [29] [30] [31] contain all such aspects of a non-Abelian anyon model. Each vortex is characterised by a distinct topological 'charge' represented by a matrix that corresponds to a certain transformation of the condensate wave function. Each distinguishable particle type (anyon) of this model corresponds to a certain type of vortex and each vortex type comprises a set of charges (indistinguishable vortices), mathematically related by an equivalency relation (Methods).
Physically, vortices with non-commuting topological charges are characterised by non-trivial, path dependent, topological interactions. Figure 1 shows the outcome of a numerical experiment, obtained by solving the spin-2 Gross-Pitaevskii equation in 2D governed by a wavefunction Ψ, that demonstrates the exotic braiding and fusion dynamics of non-Abelian vortices in a spin-2 condensate. The system is initialized at time t = 0 in Fig. 1a by creating four non-Abelian vortices from the quasiparticle vacuum (Bose-Einstein condensate) by phase-imprinting two vortex-antivortex pairs, one on the left and one on the right hand side of the rectangular condensate. Using pinning potentials that model an array of Gaussianshaped laser beams that repel atoms, the vortices can be pinned and controllably moved around, forming a braid in their space-time world lines as shown in Fig. 1a and in Supplementary Videos. A plat closure of the braid is realised by the initial pair-creation and final fusion of the vortex pairs. The effects of braiding the vortices are observed at different dimensionless times τ = tω, where ω = 2π × 5 Hz, after; (i) releasing the pinning potentials and measuring the properties of the four vortices, see lower rows in Fig. 1(b-f) , and (ii) fusing the two vortex pairs first and measuring the result after releasing the pinning potentials, see upper rows in Fig. 1(b-f) . The vortex locations are visualised via their core structure, which may have non-zero spin-singlet pair amplitude, |A| 2 , and/or non-zero magnetisation, F z (Methods). A detailed understanding of the observed dynamics comes from labeling each vortex in Fig 1(b-f) , enabled by the vortex identification method described in Ref. [31] . The vortex labels have the form ±X α η , where X η is a Roman numeral denoting the anyon type. Each anyon may represent several vortices whose topological charges are specified by the combination of symbols α and η, and the ± sign (Methods). Underpinning the braiding dynamics is the long-range topological influence between non-Abelian vortices [21, 22, 32] . For an anti-clockwise elementary braid (exchange of a pair) of vortices with charges (γ 1 , γ 2 ) their mutual topological influence converts their charges to (γ 2 , γ 2 γ 1 γ
−1
2 ), see Supplementary Figure 4 . If γ 1 and γ 2 do not commute, this mapping permutes the charge of the second vortex within the set of charges associated with its anyon type. The clockwise exchange realises the map (γ 1 , γ 2 ) → (γ
Braiding may also enact a local unitary transformation on the wave function, which reverses the sign of the vortex core magnetisation, turning a red core into a blue core, and vice versa, without changing the value of their charges, as shown in Fig. 1e and d. The outcome of fusing two vortices is determined by an ordered product of their two charges equivalent to their total charge. Only vortices with commuting charges may annihilate-fuse to the vacuum-otherwise the fusion results in a remnant vortex. It is also possible for vortices with commuting charges to pass through each other without apparent interaction [31] .
The initial vortex-antivortex pairs in Fig. 1f (lower row) consist of three particle types; two vortices of same type (III 0 ) with non-zero |A| 2 , green cores, and two of different types (IV 0 and VI −1 ) with F z > 0, red cores. Initially, both pairs fuse to the vacuum (Fig. 1f, upper  row) , by construction, since they were formed via a paircreation process. An exchange of the two vortices in the middle leads to the state measured at τ = 20, shown in Fig. 1e . The braid swaps the positions of two vortices, which trivially changes the pairwise fusion dynamics as neither the green and red or green and blue cored vortices can (annihilate) fuse together to the vacuum. The braid between τ = 60 and τ = 100 consists of two exchanges (elementary braids) of the two middle vortices resulting in the state shown in Fig. 1c . Importantly, although this braiding preserves the ordering of the vortex types by returning them to their original pre-braiding positions at τ = 60, the types of vortices formed after fusion are different before (V 0 and VII −1 at τ = 60) and after (IV 0 and VI −1 at τ = 100) the braiding. Such vortex transmutation due to braiding is a hallmark of non-Abelian anyons. The final exchange of the middle two vortices results in the state at τ = 132, shown in Fig. 1b , where the two non-Abelian vortex anyon pairs fuse back to the vacuum.
Vortex anyon model-The cyclic-tetrahedral phase of a spin-2 BEC supports seven distinct anyon types, labeled as I η -VII η (Methods). The anyon models that can be constructed are determined by the fusion rules of the anyons. The fusion outcomes of the lowest energy anyons are detailed in the table presented in the Supplementary Figure 5 . Although the type IV η -VII η vortices are non-Abelian anyons, their fusion rules do not preserve the winding number η of the anyons, complicating their potential use for topological quantum computation. However, restricting to the set of three anyons I 0 , II 0 and III 0 , hereafter referred to as 1, σ, and τ , respectively, results in a concise non-Abelian anyon model. The fusion of two τ anyons may result in either a 1, σ or τ anyon, with the explicit fusion rule τ ⊗τ = N Topological qubits-The different fusion outcomes of the anyons define a fusion path, equivalent to a set of topologically distinct states, which can be used for encoding quantum information. The fusion of three τ anyons is characterised by 76 distinct fusion paths that can be mapped onto basis states of Hilbert spaces, 28 ending in a τ anyon and 24 each for paths ending in 1 or σ. Some of these states are degenerate and a fusion measurement alone can not distinguish all these paths. Rather, the possible fusion outcomes of such a measurement are the three computational states,
which are unreachable from any of the computational states by only braiding the three anyons. The notation represents the fusion path of the τ anyons, labeled by the circular markers, with the outcome of fusing the anyons that are enclosed by the parentheses denoted by the adjacent subscript. Since our model has a three-dimensional computational basis, its natural elementary computational unit is a qutrit. For the sake of demonstration, we consider braiding operations that involve only two of the computational states and are therefore conveniently discussed in terms of qubits. 
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Braiding and fusion of non-Abelian fractional vortices. a, The paths of vortices embedded in a two-dimensional Bose-Einstein condensate trace out world lines that form a braid whose plat closure yields the link L6a2 (Supplementary Video 1). The total condensate density is shown for the initial (τ = 0) and final (τ = 132) states. b, Spin-singlet pair amplitude (left column) and magnetization (right column) with vortex locations marked using circles and labelled by the vortex (anyon) types. The upper rows correspond to the system state just after the vortices have been fused pairwise and the lower rows correspond to the state just before the fusion. Data in b-f are thresholded, relative to half the maximum value of the corresponding frames before fusion, and the remaining maxima are mapped to the solid colour circles. The raw data is shown in Supplementary  Figure 7 . The field of view of each of the four frames in b-f corresponds to the dashed rectangle shown in a where the inter-vortex separation is 27µm. The dimensionless times τ = tω of measurement of states b-f are marked in a.
state of a single topological qubit by controllable braiding of the anyons. Initially, the qubit is prepared in the |0 state, which in practice could be achieved by nucleating two vortex-antivortex pairs that introduces a fourth, surplus, anyon which is disregarded in this numerical experiment without consequence.
A unitary operation, encoded by the braid in Fig. 2a , is applied to the qubit by moving the vortex anyons with the pinning potentials to exchange the second and third anyons within the qubit twice. Once the braiding has been completed, a measurement of the state is made by fusing the first and second anyons from the left of the condensate and observing the remaining core structures shortly after the pinning potentials have been withdrawn. Prior to the fusion the three τ anyons are identified by the green |A| 2 cores, as shown in Fig. 2b . After the braiding, the measurement outcome depends on the topological influence between the exchanged anyons. If the topological charges of the exchanged anyons commute the braid realises a trivial topological influence and the fusion measures the |0 state, shown in Fig. 2c , characterised by a single green core. However, if the charges do not commute the non-trivial topological influence changes the signs of the charges and the fusion measures the state |1 of the topological qubit. Such a measurement of the |1 state is illustrated in Fig. 2d and corresponds to the observation of two green vortex cores, with the additional core corresponding to a σ anyon formed in the fusion of the two τ anyons. Prior to the fusion measurement the where the probability amplitudes are determined by the weights of each fusion outcome in the configuration space of labels for the initial |0 state qubit.
Entangling topological qubits-It is straightforward to extend the creation and manipulation of single qubits to multiple topological qubits. Figure 3 shows the outcome of a numerical experiment demonstrating the action of a unitary braiding operation on two topological qubits comprising six τ anyons. We consider a |00 initial state, corresponding to both qubits starting in the |0 state. The full braid, shown in Fig. 3a , causes an intertwining of the two qubits by tying a topologically non-trivial link in their anyon world lines. The topologically trivial operations in Fig. 3a (greyed out) only alter the relative orientation of the two qubits and will have no effect on the fusion outcome. The numerical experiment shown in Fig. 3b focuses on the topologically non-trivial subsection of the braid. The outcomes of representative measurements corresponding to a trivial (d) or non-trivial (e) topological influence are shown. Before fusion (c) all anyons have green cores. When, counting from left to right, the second and third (in qubit one), and fourth and fifth (in qubit two) anyons are fused, both pairs may either annihilate (d) or leave a green anyon behind (e).
In this case, the unitary braiding operation maps the |00 state to the non-separable state (|00 + √ 2|11 )/ √ 3, where the probability amplitudes are determined by the weights of each fusion outcome in the configuration space of the |00 state. A general two-qubit braiding operation may transform the state such that a fusion measurement produces any of the qutrit basis states and additionally may cause leakage into the non-computational states.
We have thus demonstrated that non-Abelian fractional vortices in spin-2 Bose-Einstein condensates are non-Abelian anyons and have introduced non-Abelian vortex anyon models showing how topological qubits could be constructed from such vortex anyons. A method to generate multiple non-Abelian vortices has been outlined in [29] . However, to realize such vortices experimentally a series of engineering challenges must be confronted (Methods). Promisingly, many additional non-Abelian phases have been predicted for higher spin BEC systems [33] , which may enable a more accessible experimental route for generating non-Abelian vortex anyons. To surpass the inertial limitations of massive vortices [34] , in- cluding the adiabaticity speed limit of vortex braiding [35] , synthetic non-Abelian fluxons could potentially be designed and engineered using novel artificial gauge field techniques [36, 37] . We conclude that non-Abelian vortex anyons in spinor Bose-Einstein condensates hold promise for a tangible demonstration of the principles of topological quantum computation and should be pursued further. Methods Spin-2 Bose-Einstein condensates-Within the meanfield theory, a spin-2 Bose-Einstein condensate is described by a vector order parameter Ψ(r, t) with five components ψ m , corresponding to the internal spin states of the condensate, indexed by the magnetic quantum number m = −2, ..., 2 [30] . The Hamiltonian density of the system is
where the single-particle part
]ψ m , contains the kinetic energy, where M is the atomic mass, and an external potential V(r, t). Due to the dilute nature of the condensate, the interaction terms can be considered to arise from the s-wave scattering of two-particles in one of the combinations of even total spin F. The scattering can be approximated by a contact interaction with a coupling constant g F = 4π
2 a F /M , where a F is the s-wave scattering length of the F spin channel. In the Hamiltonian density the interactions appear as a spin-independent term depending on the total particle density n(r), and two spin-dependent interactions depending on the spin density vector F(r) = 2 (7a 0 − 10a 2 + 3a 4 )/7M . For small external magnetic fields, the c 1 and c 2 spin interaction strengths determine a phase diagram characterised by the values of |F(r)| and |A(r)|. Our results pertain to the cyclic-tetrahedral phase which exists for c 1 > 0 and c 2 > 0 and is characterised by |F(r)| = 0 and |A(r)| = 0. There also exists a ferromagnetic phase for c 1 < 0 and c 2 > 0, with non-zero |F(r)| and |A(r)| = 0, and an antiferromagnetic phase when c 1 > 0 and c 2 < 0, with |F(r)| = 0 and non-zero |A(r)|. Each phase is described by multiple degenerate order parameters connected by composite gauge and spin rotations. The addition of external magnetic fields lifts this degeneracy, further splitting the phase diagram. Spin-2 BECs have thus far been experimentally realised using 87 Rb atoms. Measurements of the scattering lengths of 87 Rb suggest that the condensate lies in the antiferromagnetic phase, though sufficiently close to the phase boundary that uncertainties do not preclude the cyclic-tetrahedral phase [38] [39] [40] .
Topological charges of non-Abelian vortices-The types of vortices that can be excited in a BEC are determined by the symmetries of the system's order parameter. The full symmetry group of a spinor BEC is G = U(1) × SO(3). Each condensate phase corresponds to an order parameter with a distinct discrete broken symmetry described by the order-parameter manifold M = G/H, where H is a finite subgroup of G called the isotropy group whose transformations leave the order parameter invariant. The types of vortices in each ground state phase are classified according to homotopy theory. The classification occurs by mapping each point on a real path encircling a vortex core in the condensate to a path in the corresponding order-parameter manifold. Two paths in the order-parameter manifold are homotopic if they share a base point x 0 ∈ M and can be smoothly deformed into each other. The homotopic paths form equivalency classes, which are the elements of the fundamental group π 1 (M, x 0 ). Each element of π 1 (M, x 0 ) corresponds to a topological charge characterising a particular vortex. If M = G/H is simply connected, and H is a discrete group then π 1 (M, x 0 ) ∼ = H. Hence, a topological charge is equivalently defined as the transformation in H that describes the change in the order parameter along a path enclosing the vortex core. When the fundamental group is non-Abelian, i.e. contains elements that do not commute under the group operation, the corresponding vortices are called non-Abelian vortices. Since SO (3) is not simply connected, the topological charges are typically characterised in the simply connected covering group SU (2) . Of the possible subgroups of SU (2), the binary dihedral D * n , binary tetrahedral T * , binary octahedral O * , and binary icosahedral Y * groups are nonAbelian and correspond to phases with non-Abelian vortices. Such phases occur for spin-S BECs, for S ≥ 2 [33, [41] [42] [43] [44] [45] . In spin-2 condensates, non-Abelian vortices can be excited in the cyclic-tetrahedral or the biaxial nematic phases, where the latter is realised from the broken degeneracy of the antiferromagnetic phase after the introduction of an external magnetic field.
In this work we focus on a non-Abelian vortex anyon model in the cyclic-tetrahedral phase of the spin-2 BEC. A representative cyclic-tetrahedral phase order parameter is given by Ψ = (i, 0, √ 2, 0, i) T /2 up to a gauge and spin rotation R = e iφ e −iθω·F . The order-parameter manifold of the cyclic-tetrahedral phase is G/H = U(1) × SU(2)/T * , where T * is the non-Abelian binary tetrahedral symmetry group. Hence, the cyclic-tetrahedral phase order parameter is invariant under the 24 elements of the isotropy group H = T * , which consist of discrete composite U(1) gauge and SU(2) spin rotations. Consequently, each element of T * corresponds to a topological charge of a distinct vortex. Furthermore, each vortex is categorised into a vortex type according to its equivalency class-the set of charges related by the equivalency relation gγg −1 -where γ is a vortex charge and g ∈ T * . The 24 lowest energy vortices, as determined by the U(1) phase rotation, are categorised in seven equivalency classes I − VII. The vortex types are: (I) the vacuum state; (II) the integer spin vortex; (III) the half quantum vortex; (IV) and (V) the 1/3 fractional charge vortices and (VI) and (VII) the 2/3 fractional charge vortices. The charges of each class are
where the U(1) component is represented by a winding number η ∈ Z plus a class specific constant, and the SU(2) part by the spin-1/2 Pauli matrices σ ν , for ν = x, y, z, andσ ≡ (I + iσ x + iσ y + iσ z )/2. There is no unique way to assign each topological charge in an equivalency class to each vortex in the corresponding vortex type. Each such assignment is related by an isomorphism corresponding to a rotation gXg −1 of the entire equivalency class by a group element g ∈ T * . As a result, vortices with different charges in the same equivalency class are indistinguishable such that the equivalency classes define the indistinguishable particles-anyons-in our nonAbelian vortex anyon models.
The biaxial nematic phase also permits non-Abelian vortex anyon models. The representative biaxial nematic order parameter Ψ = (1, 0, 0, 0, 1)
T / √ 2, has an order parameter manifold G/H = U(1) × SU(2)/D * 4 , where D * 4 is the sixteen-element non-Abelian binary dihedral-4 group. Similar to the cyclic-tetrahedral phase, the topological charges are classified into seven equivalency classes. Here the vortex types are: (I) the vacuum state; (II) the integer spin vortex; (III)-(IV) the half quantum vortices; (V) a half quantum vortex with π/2 spin rotation; (VI) a half quantum vortex with 3π/2 spin rotation and (VII) a half quantum vortex with π spin rotation. The corresponding charges are
whereσ ≡ (I + iσ z )/ √ 2. It is noted that the vortices of equivalency classes I − IV are the same as those in equivalency classes I − III of the cyclic-tetrahedral phase.
Topological charge short-hand notation-We represent each topological charge with a shorthand notation ±X
. The X is a Roman numeral corresponding to the class number. The subscript η is the winding number of the U(1) rotation, which appears in the topological charge along with a class specific constant a X . The superscript ν defines the axis of the σ ν Pauli matrix generator of the class specific SU(2) rotation g ν X , while the sign in g ν X is determined explicitly by the sign of the label. Example labels for the cyclic-tetrahedral phase vortices are III 
As a result, their fusion rules can be determined directly from the fusion tables, which are presented for the cyclictetrahedral and biaxial nematic phases in Supplementary  Fig. 5 and Supplementary Fig. 6 , respectively. For example, the fusion of two charges of the τ (III 0 ) anyon can produce a charge of the 1 (I 0 ), σ (II 0 ), or τ (III 0 ) anyon and hence τ ⊗ τ = N Supplementary Table I and Supplementary Table II , respectively. Similarly, the quantum dimension of each anyon is given by the order of its associated equivalency class, and can be shown to satisfy the relation
In addition to the cyclic-tetrahedral phase τ anyon model, the biaxial nematic phase additionally supports two concise non-Abelian anyon models. These models consist of the restricted sets of particles {I 0 , II 0 , IV 0 } and {I 0 , II 0 , III 0 , IV 0 }, respectively, for which the fusion rules are given in Supplementary Table II Experimental and theoretical feasibility-Similarly to the case of Ising-anyons [12] , non-Abelian vortex anyons are not capable of universal quantum computation by braiding alone due to their underlying finite group structure and additional operations will be required to achieve universality [46, 47] . However, even non-universal anyons are capable of performing certain quantum algorithms with full topological protection, such as a specific Grover search algorithm [48] and a calculation of the Jones polynomial at a specific root of unity [13] .
Theoretically, there is little doubt in the existence of non-Abelian vortices in BECs. Instead, the foremost experimental challenge to the realisation of such nonAbelian vortex anyons is preparing a Bose-Einstein condensate in a non-Abelian ground state phase. Presently, experiments with spinor condensates are limited to phases accessible in the presence of background magnetic field noise and with the natural scattering lengths of available atomic species, since the spin-dependent coupling constant c 2 cannot be independently modified using standard Feshbach resonance techniques. Due to uncertainties in the scattering lengths of the rubidium atom, the cyclic-tetrahedral phase may remain an experimentally realisable phase for a spin-2 87 Rb condensate but likely only in the presence of vanishing external magnetic fields. Moreover, in our numerical experiments we have considered spin interaction strengths stronger than the naturally occuring values for rubidium. This does not affect the topological properties of the anyons but it modifies the spin-healing length (the vortex core size) allowing us to simulate smaller systems. The biaxial nematic phase also hosts non-Abelian vortex anyons and is perhaps a better prospect experimentally, since it is realised in the presence of an external magnetic field and can be achieved with naturally occurring scattering lengths. Furthermore, experimental searches for non-Abelian vortices are not limited to spin-2 condensates with many other non-Abelian phases having been predicted for higher spin BEC systems [33, [41] [42] [43] [44] [45] . Indeed, the spin-6 condensate, recently realised with erbium atoms [49] , has a phase that is symmetric under the quasi-simple non-Abelian binary icosahedral group [45] and is therefore an attractive prospect for realising non-Abelian vortex anyons potentially capable of universal topological quantum computation [46] .
Vortices in Bose-Einstein condensates can be manipulated using dynamical pinning potentials generated by focused laser beams [23, 24] . This enables controlled braiding and fusion of vortex anyons. Condensates containing few hundred vortices can realistically be achieved using current experimental technologies and it may be possible to control them using laser fields morphed with high resolution digital micro-mirror devices (DMDs) [50] . Hence, the creation of 100 high quality topological qubits is a plausible prospect. A potential drawback is the adiabatic speed limit of vortices, in turn limiting the clock speed of such a BEC vortex topological quantum computer. This issue could perhaps be overcome if synthetic non-Abelian fluxons could be created using artificial gauge field techniques [37, 51] .
Numerical methods-The numerical experiments are performed by solving the spin-2 Gross-Pitaevski equations [30] , for a condensate of 87 Rb atoms with particle number of either N = 3 × 10 5 , for the experiments in 
where P = 63 ω and σ = 0.5l. Upon braiding the pinning potentials are moved with an orbital angular frequency ω pin = π 2 /2 rad s −1 . I0  II0  III0  IV0  V0  VI−1  VII−1   1 = I0  I0  II0  III0  IV0  V0  VI−1  VII−1  σ = II0 II0  I0  III0  V0  IV0  VII− I0 II0  III0  IV0  V0  VI0  VII0   I0  I0 II0  III0  IV0  V0  VI0  VII0  II0 II0 I0  III0  IV0  VI0  V0  VII0  III0 III0 III0 
